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Abstract. To complete the classification theory and the structure theory 
of varieties of almost minimal degree, that is of non-degenerate irreducible 
projective varieties whose degree exceeds the codimension by precisely 2, a 
natural approach is to investigate simple projections of varieties of minimal 
degree. Let X C P/^^^ be a variety of minimal degree and of codimension at 
least 2, and consider Xp = TTp{X) C where p e PJ+^\X. By |B-Sche| . 
it turns out that the cohomological and local properties of Xp are governed 
by the secant locus ^p{X) of X with respect to p. 

Along these lines, the present paper is devoted to give a geometric de- 
scription of the secant stratification of X, that is of the decomposition of 
P^^ via the types of secant loci. We show that there are exactly six possi- 
bilities for the secant locus T,p{X), and we precisely describe each stratum 
of the secant stratification of X, each of which turns out to be a quasi- 
projective variety. 

As an application, we obtain the classification of all non-normal Del 
Pezzo varieties by providing a complete list of pairs {X,p) where X C P^^ 
is a variety of minimal degree, p is a closed point in \ X and Xp C P^- 
is a Del Pezzo variety. 



1. Introduction 

Throughout this paper, we work over an algebraically closed field K of 
arbitrary characteristic. We denote by PJ^ the projective r-space over K. 

Let X C be a non-degenerate irreducible projective variety. It is well- 
known that deg(X) > codim(X) -|- 1. In case equality holds, X is called 
a variety of minimal degree. Varieties of minimal degree were completely 
classified more than hundred years ago by P. Del Pezzo and E. Bertini, and now 
they are very well understood from several points of view. A variety X C PJ^ 
is of minimal degree if and only if it is either PJ^ or a quadric hypersurface or 
(a cone over) the Veronese surface in or a rational normal scroll. 

In the next case, that is if deg(V) = codim(V) -|- 2, one calls X a variety of 
almost minimal degree. These varieties can be divided into two classes: 

1. V C P^ is linearly normal and X is normal; 

2. V C P^ is non-linearly normal or X is non-normal. 
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By (6.4.6) and (9.2) in |Fu3j . X is of the first type if and only if it is a normal 
Del Pezzo variety. Also X is of the second type if and only if X = vrp(X) where 
X C P^"^ is a variety of minimal degree and of codimension at least two and 
VTp : X — >■ P^^ is the linear projection of X from a closed point p in P^^ \ X. 
For details, we refer the reader to Notation and Remarks 12.31 Smooth Del 
Pezzo varieties are completely classified by T. Fujita (cf. (8.11) and (8.12) in 
|Fu3] ) . Also Fujita proved many important properties of singular varieties of 
almost minimal degree in |Ful] and |Fu2j . 

Now, a natural approach to understand varieties of almost minimal degree 
which are not normal Del Pezzo is to investigate simple projections of varieties 
of minimal degree. In this situation, i.e. in the case where X = 7rp(X), one 
can naturally expect that all the properties of X may be precisely described 
in terms of the relative location of p with respect to X. For the cohomological 
and local properties of X, this expectation turns out to be true in jB-Schej . 
Indeed those properties are governed by the secant locus Sp(X) of X with 
respect to p, which is the scheme-theoretic intersection of X and the union of 
all secant lines to X passing through p. In other words, Sp(X) is the correct 
object depending on the relative location of p with respect to X and needed 
to determine the cohomological and local properties of X. 

Along these lines, the main purpose of the present paper is to classify the 
pair (X,p) via the structure of the secant locus Ep(X). To this end, we first 
focus on solving the following problem: 

(1.1) Let X C P^^ be a variety of minimal degree and of codimension at 
least two. Then classify all the possible secant loci Sp(X) of X with 
respect to p, when p varies in P^"^ \ X. 

The classification theory of varieties of minimal degree says that X is either 
(a cone over) the Veronese surface in Pf^ or else a rational normal scroll of 
degree > 3. When X is the Veronese surface in Pf^, it is well-known that 
Ep(X) is either empty or a smooth plane conic. The case where X is a cone 
over the Veronese surface can be easily dealt with from this fact. For details, 
see Remark [6.31 

When X is a rational normal scroll of degree > 3, Theorem 13.21 and The- 
orem 13.41 show that there are six different possibilities for the secant locus 
Sp(X). More precisely, let X be a cone over a smooth rational normal scroll 
Xq, and let Vert(X) be the set of all vertex points of X. If X is smooth, i.e. 
Vert(X) = 0, then Theorem 13.21 says that Sp(X) is either empty (= 0) or a 
double point (= 2g) or the union of two simple points (= (gi, ^2)) or a smooth 
plane conic (= C) or the union of two distinct coplanar lines (= Li U L2) or 
a smooth quadric surface (= Q). Moreover, for appropriate choice of the pair 
(X,p) each of these six cases may be realized. When Vert(X) is non-empty. 
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Theorem 13.41 shows that T,p{X) is the join of Vert(X) with Sp(,(Xo) for some 
Po G (Xq) \ Xq, where X is a cone over the smooth scroll Xq. 

According to this, the secant locus Sp(X) can be of six different types. This 
gives a decomposition of \ X into six disjoint strata, which will be called 
the secant stratification of X. 

Our next goal is to describe this stratification in geometric terms. Suppose 
that X is smooth and let $ := {0, 2g, (gi, ^2), C*, -^i U L2,Q} be the set of 
symbols defined in the previous paragraph. Then Theorem 13.21 implies that 

(1-2) K^'\X = [j.^^ SL*{X) 

is the secant stratification of X where 

SL*{X) := {p E P^/^ \ X I Sp(X) = *}. 

As said already above, in the general case. Theorem 13.41 enables us to obtain 
the secant stratification of X from that of Xq. 

In Theorem 14.21 and Theorem 15.31 we give an explicit geometric description 
of all the strata SL*{X) in the smooth and in the general case, respectively. 
Each stratum is shown to be a quasi-projective variety. Our result shows that 
the arithmetic depth of X lies between h + 2 and h + 5 where h denotes the 
dimension of the vertex of X. Moreover we precisely describe the location of 
the point p E P^^ according to the value of the arithmetic depth of X. 

Finally, in Section 6 we apply our results to classify non-normal varieties 
of almost minimal degree via their arithmetic depth. Theorem 16.21 gives a 
complete list of all pairs {X,p) for which X = vrp(X) is arithmetically Cohen- 
Macaulay and hence a non-normal Del Pezzo variety. If X is not a cone, 
then X is either S{a) C P^^ with a > 3, or S'(l, b) C P^^ with 6 > 2, or 
S{2,b) C P^^^ with 6 > 2, or ^(1,1, c) C P^^ with c > 1. This provides 
a complete picture of non-normal Del Pezzo varieties from the view point of 
linear projections and normalizations. Also this reproves a result of T. Fujita 
which states that if X C PJ^ is a non-normal Del Pezzo variety and not a cone, 
then the dimension of X is < 3, while there is no upper bound on the degree 
of X. See (2.9) in [M] and (9.10) in [Rl3j . 
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named author thanks to the KIAS in Seoul and the KAIST in Daejeon for 
their hospitality and financial support offered during the preparation of this 
paper. 
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2. Preliminaries 

Notation and Remark 2.1. Let X C be a variety of minimal degree. 
That is, X C P^^ is a non-degenerate irreducible projective subvariety of P^^ 
such that deg(X) = codim(X) + 1. According to the well-known classification 
of varieties of minimal degree (cf. [Hai Theorem 19.9]), X C PJ+i is either 

(i) r^'; 

(ii) a quadric hypersurface; 

(iii) (a cone over) the Veronese surface in P|-; or 

(iv) a rational normal scroll. 

In particular X is always arithmetically Cohen- Macaulay. □ 

Notation and Remark 2.2. Let X C P^^ be as above and let p G P^^ \X 
be a fixed closed point. The union of all secant lines to X passing through p 
is called the secant cone of X with respect to p and denoted by SeCp(X), i.e. 

SeCp(X):= U {p,q). 

qex, length(xn(p,g>)>2 

We use the convention that SeCp(X) = {p} when there is no secant line to X 
passing through p. Observe that SeCp(X) is a cone with vertex p. We define the 
secant locus Ilp{X) of X with respect to p as the scheme-theoretic intersection 
of X and SeCp(X). Therefore 

M^)red = e X I length(X n {p, q)) > 2}. 
Thus Sp(X) is the entry locus of X with respect to p in the sense of [Ruj . □ 

Notation and Remarks 2.3. (A) Let X C P^^ and p G P^^ \X be as above. 
We fix a projective space PJ^ and consider the linear projection 

TTp : X := 7rp(X) C P^^ 

of X from p. As the morphism 7Cp : X Xp is finite, we have 

codim(X) = codim(Xp) + 1 < deg(Xp) | deg(X) = codim(X) + 1. 

If codim(X) = 1, then X is a quadric and VTp is a double covering of P^^. On 
the other hand, if codim(X) > 1 then VTp is birational and Xp C P^ is of 
almost minimal degree (that is deg(Xp) = codim(Xp) + 2). 

(B) Assume now, that codim(X) > 1. Let depth(Xp) denote the arithmetic 
depth of Xp. Then, according to |B-Schel, Theorem 1.3], there are the following 

two cases: 

(2.1) IfXp is smooth, then X is smooth and iTp : X ^ Xp is an isomorphism. 
In this case, depth(Xp) = 1 and Xp is non-linearly normal. 
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(2.2) If Xp is singular, then SeCp(X) = P^^.^ C for some t > 2 and 

C P^^ is a hyperquadric. In this case, 7rp(Sp(X)) = P^^ is the 
non-normal locus of Xp and 

depth (Xp) = t. 

Therefore Xp is non-normal and linearly normal. 

(C) Suppose that X is smooth. Then Sec(X) will denote the secant variety of 
X, i.e. the closure of the union of chords joining pairs of distinct points of X. 
Also Tan(X) will denote the tangent variety of X, i.e. the closure of the union 
of the tangent spaces of X. Thus Xp is smooth if and only if p ^ Sec(X). □ 

3. Possible Secant Loci 

Throughout this section we keep the previously introduced notation. Let 
X C P^^ be a rational normal scroll. The aim of this section is to show which 
secant loci Sp(X) C SeCp(X) = P^^ may occur at all. 

We first treat the case in which X is a smooth rational normal scroll. 

Notation and Remark 3.1. (A) Let X C P^'^ be a smooth rational normal 
scroll. Thus there is a projection morphism if : X P^. For each x G P]^, 
let L(x) = if~^{x) denote the ruling of X over x. 

(B) Let qi,q2 be two distinct points in L(x) for some x G F]^. According to 
Remark 7.4. (B) in [B-Schej we have Tq^X f] Tg^X = L(x). □ 

Theorem 3.2. Let X C P^"^ be a smooth rational normal scroll and of codi- 
mension at least 2 and let p G Sec(X) \ X . Then either 

(a) SeCp{X) = P^ and Sp(X) C F]^ is either a double point or the union 

of two simple points. 
(6) SeCp{X) = P|^ and Sp(X) C Fj^ is either a smooth conic or the union 

of a line L which is contained in a ruling L(x) C X and a line section 

(c) SeCp{X) = F\- and Sp(X) C P|- is a smooth quadric surface. 

Proof According to (2.1) and (2.2), SeCp(X) = P^^ is a linear subspace for 
some t > 2 and Sp(X) C P*^^ is a hyperquadric. So, if t = 2, we get statement 
(a). Therefore we may assume that t > 3. 

Let / : Sp(X) F]^ be the restriction of if to Sp(X). Clearly / is surjective 
since otherwise Sp(X) C L(x) for some x G F]^ and so p G (Sp(X)) C L(x), 
which contradicts the assumption that p ^ X. 

Our next claim is that t < 4. Assume to the contrary that t > 5. As / is 
surjective, for any two distinct points Xi,X2 G P^, the two fibers /~^( 
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(t — 3)-dimensional projective algebraic sets in SeCp(X) = P^^, and so 

dim f-\xi) n f~\x2) > (t - 3) + (t - 3) - (t - 1) = t - 5 > 0. 

This is impossible since f~^{xi) and f~^{x2) are disjoint. This contradiction 
shows that t = 3 or 4. ^ ^ 

We now claim that cannot be a double linear space. If = 2E 

where E C F^~^ is a (t — 2) dimensional linear space, then for any g G -E we 
have p G TgX. Clearly (f\E '■ E ^ F-^ is a constant map if t = 4. Thus there 
are the following two possibilities: 

(i) t > 3 and ip\E '■ E F]^^ is a constant map; 

{ii) t = 3 and !f\E '■ E ^ F]^ is surjective (and hence an isomorphism). 

In case (i), choose two distinct points qi and q2 in E. Then, by Notation and 
Remarks 13. 1[ (B) we have 

p G Tg^X n Tg^X = h{x) C X, 

which contradicts the assumption that p ^ X. Now consider case (ii). Then 
E is a line section of ip : X F]^-. Choose two distinct points qi and q2 in E 
and let Xi = (p{qi) for i = 1,2. Since {p,E) is contained in T^jX, the linear 
space {p, E) n L(a:2) is of positive dimension. Now the equalities 

Tg,X = (L(xi), gs) = (L(xi), {p, E) n L(x2)) 

imply that dim Tg^X > n + 1, which is a contradiction. So, Sp(X) cannot be 
a double linear space. 

If t = 3 and hence SeCp(X) = F\, then Sp(X) C P^^ is either the union of 
two distinct lines Li and L2 or else a smooth plane conic curve. Consider the 
first case. Let Li fl L2 = {q} and x = ip{q) G F]^. For each i = 1,2, either 
Li C h{x) or else Lj is a line section of X. If Li and L2 are both contained in 
L(x), then 

p G SeCp(X) = (Li,L2) C L(x) C X 

which contradicts our assumption that p ^ X. If Li and L2 are both line 
sections of X, then Li fl L2 = 0, a contradiction. Therefore, one of the two 
lines Li and L2 is contained in L(x) and the other one is a line section of X. 
So, if t = 3 we are precisely in the situation of statement (6). 

Finally let t = 4. Then we have SeCp(X) = P|^. Since J2p{X) is not a 
double plane, it is either the union of two distinct planes Ei and E2 or else 
irreducible. In the first case, (pIe^ : -Ej — P^ is a constant map for i = 1,2. 
Since Ei n E2 7^ 0, this imphes that Sp(X) is contained in h{x) for some 
X G P}^. Therefore 

p G SeCp(X) = (Sp(X)) C L(x) C X, 

which contradicts to the assumption that p ^ X. So Sp(X) is irreducible. 
Assume that Sp(X) is singular. Then Sp(X) is a cone over a smooth plane 
conic F. If q denotes the vertex point of Sp(X), the family of lines {La := 
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(g, A) I A G F} covers Sp(X). Since q E Lx for all A G F, there exists at most 
one A G -F such that Lx is a line section of X. Thus for general A G -F, the line 
Lx is contained in L(x) where x = (p{q). But this implies that Sp(X) C L(x). 
Again it follows that p G X, a contradiction. This completes the proof that 
is a smooth quadric surface if t = 4. □ 

We now consider the case in which the scroll X is not necessarily smooth. 
First we introduce some notation. 

Notation and Remark 3.3. Let X C P^^t^ be a rational normal scroll of 
codimension at least 2 and with the vertex Vert(X) = for some h > —1. 
Let dim X = n + h + 1 and note that X is a cone over an n-fold rational 
normal scroll Xq in {Xq) = Wj^^. Consider the projection map 

iP : P^+i \ Vert(X) (Xq) = 

For a closed point p G P^^\Vert(X), we denote ip{p) by p. □ 

Theorem 3.4. Assume that the rational normal scroll X C P^^ has codi- 
mension at least 2 and let p G P^^\X. Then we have either 

(a) SeCp(X) = (Vert(X),p) = P^+i and Sp(X) = 2Vert(X) C P^+^ 

(b) SeCp(X) = (Vert(X), L) = P^+2 ^^^g ;^^g ^ ^ (Xq) and either 

(i) Sp(X) = Join(Vert(X),Z) C P^+2^ where Z CL consists of two 
simple points; or 

(ii) Ep(X) = 2(Vert(X),Z) C P^+2^ where Z C L consists of one 
simple point. 

(c) SeCp(X) = (Vert(X),P) = P^+^ for some plane P C (Xq) and 
Sp(X) = Join(Vert(X), W), where W P is either a smooth conic or 
the union of two lines L,L' C P such that L C h{x) fl Xq for some 
X G P^ and L' is a line section of Xq. 

(d) SeCp(X) = {Vert{X),D) = P^+^ for some 3-space D C (Xq) and 
Sp(X) = Join(Vert(X), V), where V ^ D is a smooth quadric sur- 
face. 

Proof. In view of Theorem 13. 2l we may assume that Vert(X) ^ 0, that is h > 0. 
We first show that 

(3.1) SeCp(X) = (Vert(X),SeCp(Xo)) 
and 

(3.2) Sp(X)red = Join(Vert(X), Sp(Xo)). 

Indeed a line L = F]^C P;^^\Vert(X) is secant to X if and only if L := tpiL) 
is secant to Xq since X fl L and Xq H L are isomorphic via ip. This shows (3.1). 
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For the second statement, remember that 

Ep(X)j.g^ = (SeCp(X) n X)red 

and that embedded joins are reduced. Since SeCp(X) = (Vert(X), SeCp(Xo)) 
and X = Join(Vert(X), Xq); "we obtain 

Sp(X),ed = [(Vert(X),SeCp(Xo)) n Join(Vert(X),Xo)]^^^ 

= Join(Vert(X), Xo n SeCp(Xo)) = Join(Vert(X), Sp(X)). 

Now our assertion is shown by combining (3.1), (3.2) and Theorem 13. 2[ □ 



4. The Secant Stratification in the Smooth Case 

According to Theorem 13.21 there are six different possibihties for the secant 
locus Sp(X) of the smooth rational normal scroll X C P^"^ with respect to 
the point p G P^^\X. This gives a decomposition of P^'^yX into six disjoint 
strata. The aim of this section is to describe this stratification in geometric 
terms. 

Definition and Remark 4.1. (A) (cf. Example 8.26 in [Ha]) Let 

X = 5(ai,...,a„)CP^/i 

be an ri-dimensional smooth rational normal scroll of type (ai, . . . , a„) with 1 < 
fli < • • • < On- We assume that codim(X) > 2, or equivalently, ai + . . .+a„ > 3. 
We write 



k :-- 

and 



max{i G {1, . . . , n} I ttj = 1} if ai = 1, and 
if ai > 1 



max{z E {k + 1, . . . , n} \ tti = 2} if a^^i = 2, and 
k if ttfc+i 7^ 2. 

So, we have A; G {0, . . . ,n} and m G {k, . . . ,n} and may write 
X = S{1,..^. , 1, 2, . ,2 , g^+i, . . . ,a„) = S{l,2,a) 

k m—k 
with 3 < flm+l < • • • < CLn- 

(B) Consider the (possibly empty) scrolls 

S{1) = S{1^_^) C Pf and S{2) = S{2^_^^ C p|"-3fc-i 

k m—k 

which are contained in X. Obviously S{1) = P^xP^'^ and S{2) ^ CxP^"^"^ 
for a smooth plane conic C C P|-. For each a G P^^, we denote the line 
^ {"} in S{1) by La- Similarly, for each f3 G P'^"''"\ we denote the 
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smooth plane conic C x {/3} in 5'(2) by C^. Also S'(2) can be regarded as a 
subvariety of the Segre variety 



(C) We define the following sets in P^+^\X: 

(4.1) SL\X) := {p e P^/^X I = 0}; 

(4.2) SL'?i'92(X) := {p e P^+^\X I Sp(X) consists of two simple points }; 

(4.3) SL^'^iX) := {p e P^+^\X I Sp(X) is a double point in some straight 
fine F]^ C P^+i }; 

(4.4) SL^'''^^ (X) := {j9 G P^ti\X | Sp(X) is the union of two distinct copla- 
nar simple lines }; 

(4.5) SL^{X) := {p e P^+^\X I Sp(X) is a smooth plane conic }; 

(4.6) SL'^{X) := {p G P^"'^\X | Sp(X) is a smooth quadric in a 3-space }. 
According to Theorem 13.21 we have 

(4.7) = 

XU5L®(X)U5L«^'''2(X)U5L29(X)U5L^^^^^(X)U5L^(X)U SL^{X). 

This decomposition will be called the secant stratification of X C Wj^^. □ 

We now describe the strata (4.1) - (4.6). 

Theorem 4.2. Assume that the rational normal scroll X C P^"*^ is of codi- 
mension at least 2 and smooth. Let (cf. Definition and Remark \4.1\ (B)) 



A := (5(1)); 

B := Join(5(l),X); 
U := Join(A, A). 

Then X CB, ACBnU, BUU C Tan(X) and 

(a) SL\X) = P^+i\Sec(X); 

(b) 5L'?i''?2(X) = Sec(X)\Tan(X); 

(c) SL29(X) = Tan(X)\(5 U U); 

(d) SL^iU^^(X) = B\{A U X); 

(e) SL^'iX) = U\B; 

(f) SL^{X) = A\X. 

In order to prove this theorem we will need a preliminary result we mention 
now: 
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Lemma 4.3. Let X C he a smooth rational normal scroll and let p he a 
closed point contained in P^""*^ \ X. 

(1) // dirn > 0, then p E Tan{X). 

(2) Let X = S{ 1, ■ — P^~^ with n > 2. Then Sp(X) is a smooth quadric 

n 

surface. 

(3) Let X = S{1, 2) C F%. Then dim Sp(X) = 1. 

(4) Let X = 2) C P|* with n>2. Then dim Sp(X) > 1. 

n—l 

Proof. (1): If codim(X) < 1, our claim is obvious. So, let codim(X) > 2. If 
dimSp(X) > 0, then T,p{X) is either an irreducible hyperquadric in the linear 
space SeCp(X) or else the union of a line L which is contained in a ruling 
h{x) C X and a line section L' of X by Theorem 13 .21 In the first case, clearly 
p G Tan(Sp(X)) C Tan(X). In the latter case, let L D L' = {q}. Therefore 
TqX = (L(x),L') contains the plane SeCp(X) = {L,L'). In particular, p G 
TgX C Tan(X). 

(2), (3), (4): If n = 2, statement (2) is clear. So we may assume that 
codim(X) > 2. Remember that dimSp(X) < 2 by Theorem 13.21 The 
statements will be proved by applying the following inequalities (cf. |Rul 
1.(1.3.3)] and [Shil 1.6.3. Theorem 7]): 

(4.8) {2n + 1) - dim Sec(X) < dim Sp(X) 

When X = S{1,--- ,1), (4.8) implies that dim Sp(X) > 2 since Sec(X) is 
a subset of P^~^. Therefore Sp(X) is a smooth quadric surface by The- 
orem [O When X = ^(1,2), obviously dimEp(X) < 1 while (4.8) im- 
plies that dimSp(X) > 1. Thus we get dim Sp(X) = 1. Similarly, for 
X = S{1, ■ ■ ■ ,1,2), (4.8) enables us to conclude that dim Sp(X) > 1. □ 

Now we give the 

Proof of Theorem 14.21 The inclusions X C B and A C U are obvious. As 
A = Sec(^(l)) we get A C Join(^(l), X) = B, hence ACBnU. 
To prove the inclusions B C Tan(X) and U C Tan(X) we write 

^(1)= U L„ and A= |J {Cp) 

(cf. Definition and Remark 14.11 (B)). Now, the first inclusion follows from the 
equalities 

(4.9) B = Join(5(l),X) 

= Ul , 1 Join(^a,UxePV^(^)) 
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To prove the second inclusion we first observe that 

(4.10) U = Join(AA) 

= Join(A, U^^p^-fe-i (C^)) 

For each P E P^~'^~^ consider the smooth rational normal scroll 

3(1,2)^ := (A {Cp))nxc{A, {Cp)). 

Since S{l,2)p spans the linear space (A, (Cp)), Lemma H73l (4) implies that 

{A, (Cp)) = Tan 5(1,2)^ C Tan(X). 

This gives the desired inclusion U C Tan(X). 

We now prove statements (a), (b), (f), (d), (e) and (c). 

(a) : This follows by Notation and Remarks I2.3[ (C). 

(b) : "C": Let p E SLi'''i^{X). Then = {51,^2} and L := (91,^2) is a 
secant line to X and hence p E Sec(X). Now assume that p E Tan(X). Then 
there exists q E X such that p E TqX. Therefore q E Sp(X). This implies 
that q = qi 01 q = q2- In particular, L is a tri-secant line to X and so we get 
the contradiction that p E L (1 X . Therefore p E Sec(X) \ Tan(X). 

" D": Let p E Sec(X) \ Tan(X). By statement (a) we have Sp(X) ^ 0. By 
Lemma H73l (l) we have dimSp(X) < 0. Thus Sp(X) has dimension zero. Now 
Theorem 13.21 (a) and p ^ Tan(X) guarantee that Sp(X) is the union of two 
simple points. 

(f): "C": Let p E 5L«(X) so that SeCp(X) = and Sp(X) C is a 
smooth quadric surface. Remember that Sp(X) contains two disjoint families 
of lines {-^^a}, {^a}, each parameterized by A G F]^. Also since p ^ X, the 
restriction map (f\j. ^j^^ : Sp(X) — > F]^ is surjective. Therefore one of the two 

families, say {Lx}, consists of line sections of X. Thus Sp(X) C 5(1) and 
hence p E SeCp(X) = (Sp(X)) cA= (5(1)). 

"5": Let p E A\X. Then > 1 (s. Definition and Remark 1111(B)). 
Therefore Lemma 14.31 (2) shows that Sp(5'(l)) is a smooth quadric surface. 
Since Sp(5'(l)) C Sp(X) this implies that dim Sp(X) > 2. Now by Theorem 
13.21 we see that Sp(X) = Sp(S'(l)) is a smooth quadric surface and hence 
pE SL^iX). 

(d): "C": Let p E SL^'^'^^iX) so that SeCp(X) = F^ and Sp(X) = Li U L2 
where Li are lines such that Li is a line section of X. Thus Li C S{1) 
and L2 C h{x) for some x E F]^. This shows that p E (Li,L2) = SeCp(X) C 
Join(S'(l), X) = B. On the other hand statement (f ) implies p ^ A. Therefore, 
pE B\{AUX). 
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"3": Let p e B\{AL}X). By (4.8), there exists a line C 5(1) and a point 
X eF]^ such that p e (L^, L(x)) = P^. Let L denote the hne (p, L^) n L(x). 
Then clearly LaUL G Sp(X). On the other hand, Theorem 13.21 and statement 
(f) show that Sp(X) has dimension at most one so that Sp(X) = Lq, U L and 
hence p E SL^^^^^{X). 

(e): "C": Let p G SL^{X). This means that SeCp(X) = and Sp(X) C 

is a smooth plane conic curve. Clearly V'lsp(x) • ^p(-^) ^ ^i: is a surjective 

map. We will show that indeed Sp(X) is a conic section of X, or equivalently, 
that V^l2p(x) is bijective. Suppose to the contrary that there is a point x G P)^ 

such that L(a;) meets Sp(X) in two distinct points qi and g2- Then the two 
lines TqjEp(X) and Tg2Ep(X) meet at a point ^ G SeCp(X)\X. Thus we have 

T,,(X) = (L(a:),2;)=T,,(X), 

which is impossible by Notation and Remarks 13.11 (B). Therefore, Sp(X) is a 
conic section of X. In particular Sp(X) C 5(1,2). 

Next we claim that SeCp(X) flA = 0. Suppose to the contrary that there is a 
closed point z in SeCp(X) P\A. \i z ^ 5(1), then k > 1 and so Sec2(X) contains 
the 3-dimensional space Sec2(5(l)) (s. Lemma l473l (2)) and the point p. This 
implies that Sec2(X) has dimension at least 4, a contradiction to Theorem 13. 2[ 
If 2; G 5(1), then let Lz be the unique line section of X which passes through 
z. Note that z G fl Sp(X) since otherwise (p, z) is a proper tri-secant line 
to X, which is not possible since X is cut out by quadrics. As Sp(X) is a 
smooth plane conic curve, we have ^ SeCp(X) = (Sp(X)), since otherwise 
X would have tri-secant lines. Observe that the 3-dimensional linear space 
(SeCp(X), Lz) contains both p and the surface 

5:= y (L(a;) nSp(X),L(x) nL,) C X. 

As the conic Sp(X) is contained in 5, 5 cannot be a plane. So the generic 
line in (SeCp(X), Lz) passing through p is a secant line to 5, whence to X. It 
follows that Sp(X) contains 5, which contradicts the fact that dim Sp(X) = 1. 
This completes the proof that SeCp(X) fl A = 0. 
Now consider the canonical projection map 

TT : (5(1,2)) (5(2)) 

which fixes (5(2)). The image 7r(Sp(X)) is contained in 5(2). Also it is again 
a smooth plane conic as SeCp(X) fl A = 0. Moreover, for all x G P]^ we have 
7r(L(x) n ((5(1,2))\A)) C L(x) so that tt(7r(Sp(X)) n L(x)) < 1 for all such x. 
Therefore 7r(Sp(X)) is a conic section of X and hence is equal to Cp for some 
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P G P^"^"^ Therefore 7r(SeCp(X)) = {C/3) which guarantees that 

p G SeCp(X) C Join(A, {C^)) C U. 

On the other hand, p ^ {B \ {A U X)) U {A \ X) U X = B hj statements (d) 
and (f). This completes the proof that p E U \B. 

"D": Let p e U \ B. By statements (a), (b), (d), (f) and Theorem O we 
have 

p e SL^\X)\JSL^{X). 

Thus it suffices to show that dim Sp(X) > 1. By (4.9), there exists a point 
/? G P™-'^-^ such that p G {A, {Cp)) \A. If p G (^^3), then Cp C and 
hence dim Sp(X) > 1. Now assume that p ^ so that A 7^ 0, and consider 
the canonical projection map (which fixes A) 

B:{A, (^Cp))\{Cp)^A. 

Let q = q{p)- If g G 5(1), let L be the unique line section of X which passes 
through q. Then 

p G Join(L, {Cp)) = P^. 
Moreover, P^ contains the smooth rational normal surface scroll 

5(1,2)= U {v,w) C X. 

Since Sp(5(l,2)) C Sp(X), Lemma 1131(3) shows that dim Sp(X) > 1. If 
q E A \ S{1), we have k > 1 and Lemma l473l (2) implies that Sq(S'(l)) is a 
smooth quadric surface. Moreover 

pG Join((S,(5(l))),(C^))=P^ 

For each point x G F]^ consider the line = T,g{S{l)) fl L(x). Now P|- 
contains the threefold rational normal scroll 

5(1,1,2)= U {L,,w)cX. 

xeP^, weCi3,ip{w)=x 

As Sp(5(l, 1,2)) C Sp(X), it remains to show that dim Ilp(5(l, 1, 2)) > 1. 
This follows by Lemma 14.31 (4) . 

(c): It is easy to see that P^^\X is the disjoint union of the sets Py'"^\Sec(X), 
Sec(X)\Tan(X),Tan(X)\(S U U),B\{A U X),U\B and A\X. Now, state- 
ments (a), (b), (d), (e), (f) and the equality (4.7) imply that SL^'^{X) = 
Tan(X)\(5Uf/). □ 
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5. The Secant Stratification in the General Case 

We now treat the secant stratification in the general case, that is in the 
case where the scroll X is not necessarily smooth. We keep all the previous 
hypotheses and notations. 

We first appropriately generalize the concepts defined in Definition and Re- 
mark HTTl 

Definition and Remark 5.1. (A) Let X C be a rational normal scroll 
of codimension at least 2 and with vertex Vert(X) = ¥\ for some h > 0. As 
in Notation and Remark 13.31 let dim X = n + h + 1 and note that X is a 
cone over an n-fold rational normal scroll Xq in (Xq) = P^'^. Let ( 
be the type of Xq. Let the integers k and m and the subvarieties ^d), S{2) 
and A of P^-'' be as in Definition and Remark 14.11 Again we consider the 
projection map (cf. Notation and Remark 13.31) 

V':P5+i\Vert(X)^(Xo)=P5,-'' 

and write p '■= tp{p) for a closed point p E P^t"'^\Vert(X). 
(B) We define the following sets in P^+^\X: 

(5.1) SL'^iX) := {p G P^+^\X I Sp(X) = 2Vert(X) C (Vert(X), p)}; 

(5.2) SLi'^'i^iX) := {p G P^^^VX | Sp(X) = Join(Vert(X), {x,y}) where x,y 
are two distinct points in some line F]^ C (Xq)}; 

(5.3) ^^^(X) := {p G P^^X I Sp(X) = 2 Join ( Vert (X), a;) C Join(Vert(X), L), 
where L C (Xq) is a line and x E L}; 

(5.4) SL^^'^^^iX) := {p G P^^+^\X | Sp(X) = Join(Vert(X), L U L') where 
L,L' C (Xq) are two distinct coplanar simple lines }; 

(5.5) SL^{X) := {p G P^^X | Sp(X) = Join(Vert(X), V) where V C (Xq) 
is a smooth plane conic }; 

(5.6) SL'^iX) := {p G P^^\X | Sp(X) = Join(Vert(X), VT) where W C 
(Xq) is a smooth quadric surface in a 3-space }. 

Clearly, if X is smooth, the strata defined in (5.1) - (5.6) respectively co- 
incide with the corresponding strata defined in (4.1) - (4.6). According to 
Theorem 13.41 we have 

(5.7) Py-i = 

XU5L®(X)U5L'?^''?2(X)U5L=^'?(X)U5L^^^^2(X)U5L^(X)U5L^(X). 
This decomposition will be called the secant stratification of X C P^^. □ 

Lemma 5.2. Let p G Pj^^\X and letp G (Xq) he defined according to Defini- 
tion and Remark \5 . 1\ ( A) . Then 

PESL*{X)^PESL*{{Xo)) 



SECANT LOCI OF RATIONAL NORMAL SCROLLS 



15 



where * runs through the set of symbols {0, (gi, ^2), 2g, Li U L2, C, Q}. 

Proof. Clear from Theorem 13.41 □ 

Theorem 5.3. Let X C he a rational normal scroll of codimension > 2. 
In the notations of Definition and Remark \5.1\ let 

V ■= Join(Vert(X),Tan(Xo)); 

W := Jom(Vert(X),Sec(Xo)); 
A:= (Vert(X),(5(l))); 

B := Join(Vert(X), Join(5(l),Xo)); 
U := Join(A A). 

Then X C B, A C B, B U U C V C W and 

(a) SL\X) = r+\W; 

(b) SLi'''i^{X) = W\V; 

(c) SL^^iX) =V\{BUU); 

(d) SL^'^^^^iX) = B\{AUX); 

(e) SL^'iX) = U\B; 

(f) SL^iX) = A\X. 

Proof. For any closed subset T C {Xq), we have ip~^(T) = Join ( Vert (X ), T)\Z. 
Therefore we get the relations 

^-\Xo) = X\Vert(X); 

r\{Sm = A\Vert(X); 

^-\3om{S{r),Xo)) = 5\Vert(X); 

V^-^(Join((5(l), A)) = U\VeTt{Xy, 

^-i(Tan(Xo)) = 1/\Vert(X) and 

^-^(Sec(Xo)) = W\VeTt{X). 
Thus we get our claim by combining Theorem 14.21 and Lemma 15.21 □ 

Remark 5.4. Let Z = Vert(X) and let p e P^^\X. By Notation and Re- 
marks [2]3] and Theorem 15.31 the secant loci Sp(Xo) and the arithmetic 
depth of the projection Xp C P^^ depend on the position of p as shown by the 
following table 
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p E 




Sp(X) C X 


dim(Ep(X)) 


depth (Xp) 









h 


h + 2 


w\v 


{QI,Q2} 

quq2 e Xq, gi 7^ ^2 


(Z,gi)U(Z,g2) 


h + 1 


h + 3 


V\{BUU) 


2q G (p, g) 
g G Xo 


2(Z,g) C {Z,p,q) 


h + 1 


h + 3 


B\{AUX) 


Li U L2 C Xo 
two coplanar lines 


{Z,L,)U{Z,L2) 


h + 2 


h + 4: 


U\B 


C C Xo a 
smooth plane conic 


Mn{Z, C) 


h + 2 


h + 4: 


A\X 


Q ^ Xo, a smooth 
quadric surface 


Join(Z, Q) 


h + 3 


h + 5 



Table 1: The Secant Stratification 



6. Non-Normal Del Pezzo Varieties 

Remark 6.1. (A) A non-degenerate closed integral subscheme X C is 
called a maximal Del Pezzo variety if it is arithmetically Cohen-Macaulay and 
satisfies deg(X) = codim(X) + 2 (cf. |B-Schel Definition 6.3]). A Del Pezzo 
variety is a projective variety X C P^, which is an isomorphic projection of 
a maximal Del Pezzo variety. It is equivalent to say that the polarized pair 
(X, is Del Pezzo in the sense of Fujita |Fu3j . (cf. |B-Sche[ Theorem 

6.8]). So in particular we can say: 

(6.1) A Del Pezzo variety X C P^ is maximally Del Pezzo if and only if it 
is linearly normal. 

(B) Let X C P^ be a non-degenerate closed integral subscheme. According to 
|B-Sche[ Theorem 6.9] and Notation and Remark 12.31 



(6.2) X C P^ is a non-normal maximal Del Pezzo variety if and only if 
X = TCp{X) where X C P^-^ is of minimal degree with codim(X) > 2, 
p is a closed point in Wj^^\X with dim Sp(X) = dim (X) — 1. 

Obviously X is either (a cone over) the Veronese surface in Pf^ or a rational 
normal scroll (cf. Notation and Remarks 12. ip . We say that the Del Pezzo 
variety X is exceptional (resp. non- exceptional) if X is (a cone over) the 
Veronese surface (resp. a rational normal scroll). □ 

In view of (6.2) it suffices to classify the pairs (X, p) where Xp = TTp{X) C P^ 
is arithmetically Cohen-Macaulay in order to classify the non-normal maximal 
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Del Pezzo varieties in P^^. This we do now for the case of non-exceptional non- 
normal maximal Del Pezzo varieties. For the exceptional case, see Remark l6.3[ 



Theorem 6.2. Let X C be a rational normal scroll with codim(X) > 2 
and with vertex Z := Vert(X) = P^ for some h > -I. Let Xq C. P^^ he a 
smooth rational normal scroll such that X = Join(Z, Xq). Then for a closed 
point p in P^^\X, the variety 

Xp := TTpiX) C P^ 

is arithmetically Cohen-Macaulay, and hence non-normal maximally Del Pezzo 
precisely in the following cases: 

(a) Xq = S{a) for some integer a > 2 and p G Join(Z, Sec(Xo))\-^- 



(b) 



(c) 



i) Xo = S{1, 2) and p G P^/^X; 

ii) Xo = 5(1, b) with b>2 andpe Join(Z, Join(5(l), Xo))\X; 

iii) Xo = S{2, 2) and p G Join(Z, A)\X; 

iv) Xo = S{2,b) for some integer b> 2 and p G Join(Z, (S'(2)))\X. 

i) Xo = S{1, 1, 1) and p G r^+^X ; 

ii) Xo = ^(l, 1, c) for some integer c > 1 andp G Join(Z, (5(1, 1)))\X. 



Proof. Let n + /i + 1 denote the dimension of X. Thus Xo has dimension n. 
According to (6.2), Xp is arithmetically Cohen-Macaulay if and only if Sp(X) 
has dimension equal to n -\- h. Since dim Sp(X) = h-\-j{0<j<3) (cf. 
Theorem 13.41 and Remark 15. 4p . it follows that Xp is arithmetically Cohen- 
Macaulay if and only ii n = j with j G {0, 1, 2, 3}. Obviously the case j = 
cannot occur. Therefore n G {1,2,3}. 

"(a)": Assume that n = 1, so that Xo = S{a) for some integer a > 3. Then 
Remark 15.41 yields that depth (Xp) = /i + 3 if and only if 

p G {W\V) U {V\B UU) = W\B U U. 

Since B = X, U = Z and W = Join(Z, Sec(Xo)), it follows that Xp is arith- 
metically Cohen-Macaulay if and only if p G Join(Z, Sec(Xo))\X. 

"(b)": Assume that n = 2, so that Xo = S{a,b) for some integers a,b with 
1 < a < b and b > 2. Then Remark 15.41 yields that depth(Xp) = /i + 4 if and 
only if 

(6.3) p G {B\A U X) U {U\B) = {BU U)\{A U X). 

If a > 3, then we have A = S{1) = and hence B = X and U = Z C X, 
which leaves no possibility for p. Therefore a <2. 
Observe that for all 6 > 2 we have 



(6.4) A 



fjoin(Z, (5(1))), ifa = l; 
\Z, if a = 2. 



18 



M. BRODMANN AND E. PARK 



As (^(1)) = ^(1) it follows A C X for all b > 2. So, the condition (6.3) 
imposed on p now simply becomes 



(6.5) 

Also we get for all 6 > 2 



pe {BUU)\X. 



(6.6) 



B 



I Join(Z, Join(S'(l), Xq))? if a = 1; 



Observe that A is given by 
So, we get the following possibilities for U 



if a 
if a 
if a 
if a 



(6.7) 



U 



■pr+l 



if a = 2. 

= 1 and 6 = 2; 
= 1 and b > 2; 
= 6 = 2; 
= 2 < 6. 

= Join(Z, Join((S(l)), A) 

if a = 1 and 6 = 2; 
if a = 1 and 6 > 2; 
if a = 6 = 2; 
if a = 2 < 6. 



Join(Z,^(l)) C X, 
Join(Z,P|^ X F]^), 
[Jom{Z,{S{2))), 

Combining (6.6) and (6.7), we now get for T := {BUU)\X the following values 

'P^+^X, ifa = land 6 = 2; 

Join(Z, Join(^(l), Xo))\X if a = 1 and 6 > 2; 

Join(Z, X Pj^)\X, if a = 6 = 2; 

^Join(Z, (5(2)))\X, if a = 2 < 6. 

This proves statement (b). 

"(c)": Assume that n = 3, so that Xq = S{a,b,c) for some integers a, 6, c 
with 1 < a < b < c. According to Remark 15.41 we have depth(Xp) = /i + 5 if 
and only if p G A\X. If a > 1, we have A = Z, so that no choice for p is left. 
Therefore a = 1. Now, for A we get the following possibilities: 

r(Z,(Xo))=P^+\ ifa = 6 = c=l; 
A = <^ Join(Z, (5(1,1))), ifa = 6=l<c; 
[join(Z, (5(1))), ifa = l<6. 

If a = 1 < 6, we have A = Join(Z, S{1)) C X, so that no possibility is left for 
p. Therefore 6 = 1. This proves claim (c). □ 



Remark 6.3. In order to understand all non-normal Del Pezzo varieties it 
suffices now to know the exceptional cases in which X = Xp C P^ where 
X C P'^^ is a cone over the Veronese surface S C F^. 
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(A) Recall that Sec(S') is a cubic hypersurface. Let p be a closed point in 
\ S. It belongs to folklore that the following statements are equivalent: 

(a) p e Sec(^) \ S. 

(b) Sp(S') is a smooth plane conic curve. 

(c) 7Cp{S) C is a complete intersection of two quadrics and so it is 
arithmetically Cohen-Macaulay. 

Therefore the secant stratification of C P|; is 
(6.8) Pi. = S\JSL^{S)\JSL\S) 
where SL'~^{S) is equal to Sec(5') \ S. 

(B) In the same way as in the proof of Theorem 13.41 and Theorem 15.31 one can 
get the secant stratification of X C P^^ from (6.8). In particular, Xp C P^ is 
a maximal Del Pezzo variety if and only if p G Join(Vert(X), Sec(5'))\X. □ 

Remark 6.4. (A) Let X C P^^ be a variety of minimal degree with 
codim(X) > 2 and let p he a closed point in P^^ \ As a consequence 
of Theorem 16.21 and Remark 16.31 we finally have a complete list of pairs {X,p) 
for which Xp is a non-normal Del Pezzo variety. This provides a complete 
picture of non-normal Del Pezzo varieties from the point of view of linear 
projections and normalizations. 

(B) Let the notations and hypotheses be as in Theorem 16.21 and Remark 16. 3[ 
Since Xp = vrp(X) is a cone with vertex 7rp(Vert(X)), the non-normal Del Pezzo 
varieties which are not cones are the varieties described in Theorem 16.21 and 
Remark 16.31 for which Vert(X) 7^ 0. More precisely, the non-normal maximal 
Del Pezzo varieties which are not cones are precisely the following ones: 

(i) Projections of a rational normal curve S{a) C P^ with a > 2 from a 
point p G Sec{S{aj)\S{a). 

(ii) Projections of the Veronese surface S C P|. from a point p G Sec(5')\S'. 

(iii) Projections of a smooth cubic surface scroll ^(l, 2) C P|, from a point 
pen\S{l,2). 

(iv) Projections of a smooth rational normal scroll ^(l, b) C P^^ with b > 2 
from a point p G Join(S'(l), S{1, b))\S{l, b). 

(v) Projections of a smooth quartic surface scroll S'(2, 2) C P|. from a point 

pe¥l^¥\\S{2,2). 

(vi) Projections of a smooth surface scroll S{2, b) C P^^ with b > 2 from a 
point pG (5(2))\5(2,6). 

(vii) Projections of a smooth 3-fold scroll ^(l, 1, 1) C P|^ from a point p G 
Pf.\5(l,l,l). 

(viii) Projections of a smooth 3-fold scroll S{1, 1, c) C P^^ with c > 1 from 
a point pG (^(l,l))\^(l,l,c). 

Therefore if X C PJ^ is a non-normal Del Pezzo and is not a cone, then the 
dimension of X is < 3 while there is no upper bound of the degree of X. This 
fact was first shown by T. Fujita (cf. (2.9) in and (9.10) in [Q). □ 
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Remcirk 6.5. Using the same method as above, one can indeed classify all 
varieties X C of almost minimal degree and codimension > 2, via their 
arithmetic depth, as projections from rational normal scrolls of given numerical 
type and the position of the center of the projection. We shall give a detailed 
exposition of this in a later paper. □ 
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